I. INTRODUCTION
This paper is an extended and more thorough analysis of the work already presented concisely in Ref. [1] . Here we try a self-contained theoretical discussion of the method, with all the premises and the necessary details. We report the complete numerical tables of our results, that were originally displayed only graphically, and we discuss them extensively. As it is well known, a rather consistent picture of many strong high energy processes was obtained by perturbative QCD, if the running couplingᾱ s (Q 2 ) , as derived from the renormalization group equation, is used. Inversely, if the QCD scale value Λ n f =5 ≃ 200 MeV is taken, the values of α s extracted from the data for the appropriate Q or √ s fit rather well the theoreticalᾱ s (Q 2 ) curve, with few exceptions. Quite important, the 2-loop level of approximation forᾱ s seems to be sufficient [2] for practical size of data errors. Unhappily,ᾱ s (Q 2 ) develops (at any loop level) unphysical singularities for Q ∼ Λ n f =3 ∼ 400 MeV, that makes the expression useless in the infrared region. This is a particularly serious difficulty in any type of potential model in which Q should be identified with the momentum transfer, that takes typically values below 1 GeV, according to the state and to the mass of the quarks implied. Among various proposals to eliminate these singularities (see, e.g., Section 3 in Ref. [3] ), we mention here two particular ones, i.e., the freezing hypothesis, that simply consists in assuming thatᾱ s (Q 2 ) freezes to a certain maximal value H in the infrared (IR) region as a consequence of non-perturbative effects, and the analytization prescription of the APT approach [4] . The latter requiresᾱ s (Q 2 ) to satisfy a dispersion relation with the only unitary cut for −∞ < Q 2 < 0 (throughout this paper we assume the momentum scale to be spacelike Q 2 = −q 2 > 0) and uses perturbation theory to evaluate the spectral function. On the other hand, in the last years various relativistic formalisms have been proposed in the context of QCD, or QCD motivated, that take confinement into account and evaluate the meson (and baryon) spectrum in the light and in the heavy quark sectors. Among the most recent works we remind, e.g., [5] [6] [7] [8] [9] [10] and references therein. In this paper we reverse somewhat the point of view, that is, we take advantage of the comparison between the calculated meson spectrum and the data in order to gain information on the infrared behaviour of the QCD coupling that we shall compare with APT. To this end, we exploit a Bethe-Salpeter (BS) like formalism (second order BS formalism) developed in [11] and applied with a certain success to the calculation of a rather complete quarkonium (meson) spectrum in Refs. [12, 13] . The formalism is essentially derived from the QCD Lagrangian taking advantage of a Feynman-Schwinger representation for the solution of the iterated Dirac equation in an external field. Confinement is encoded through an ansatz on the Wilson loop correlator; indeed the expression i ln W is written as the sum of a one-gluon exchange (OGE) and an area term i ln W = (i ln W ) OGE + σS .
(1)
By means of a three dimensional reduction, the original BS equation takes the form of the eigenvalue equation for a squared bound state mass
where M 0 is the kinematic term M 0 = w 1 + w 2 = m 2 1 + k 2 + m 2 2 + k 2 , k being the c.m. momentum of the quark, m 1 and m 2 the quark and the antiquark constituent masses, and U = U OGE + U Conf the resulting potential. As a consequence of ansatz (1) , the perturbative part of the potential U OGE turns out to be proportional to α s (Q 2 ) , where in a sense α s (Q 2 ) should be identified as an effective charge of the type proposed in [14] and denoted in [3] with α SGD (Q 2 ).
Calculations have been performed in Refs. [12, 13] by using both a frozen and the 1-loop analytic coupling α
E (Q 2 ) with an effective scaling constant Λ (1,eff) n f =3 ≃ 200 MeV (see Eq. (9) below), which is equivalent at the 3-loop level to Λ (3) n f =3 ≃ 400 MeV or to the world average Λ (3) n f =5 ≃ 200 MeV. The results of the two sets of calculations are relatively similar for the heavy-heavy quark states. However, for the 1S states involving light and strange quarks, quite different results have been obtained in the two cases. In the case of a frozen coupling the π and K masses turn out to be too high, independently of how small the light quark mass is taken (see Fig. 1 ); e.g., if we fit the light and the strange quark masses to the ρ and the φ masses, we find m π ∼ 500 MeV and m K ∼ 700 MeV, respectively. On the contrary, if appropriate values for the quark masses are chosen, the π, ρ, K, K * , φ masses can be rather well reproduced when the analytic coupling α
E (Q 2 ) is used. This occurrence strongly supports the use of the analytic coupling in the BS framework. In this work we undertake a thorough analysis of this issue, by comparing our theoretical results, obtained for a certain choice of the parameters and the analytic coupling, with the results of a similar calculation performed by means of a fixed value of α s , for every quark-antiquark state. We denote by α th s the value that reproduces the same theoretical result as obtained with α the corresponding value that reproduces the experimental mass. The value α th s is then used to identify an effective Q pertaining to that particular state, which is to be understood as the argument of the related "experimental" coupling α exp s (Q 2 ). Since only the leading perturbative contribution in the BS kernel has been included, a rough estimate of NLO effects on the α exp s value leads to a relative theoretical error which spans from 20% to much less than 1% throughout the spectrum according to the quark masses involved. Furthermore, since coupling among different quark-antiquark channels has not been taken into account, the theoretical masses are expected to reproduce the experimental ones within the half width Γ/2 of the state. In the framework of the BS formalism these are the most relevant sources of theoretical error and overwhelm all other errors, like those related to the three dimensional reduction. When relevant, the experimental error, related to the uncertainty of the experimental mass is added to the theoretical one. It should be noted that our results are model dependent in the sense that they do depend on the ansatz (1). More sophisticated models also exist, like the Stochastic vacuum model [5] and dual QCD [6] , but they turn out to be considerably difficult to implement in the BS formalism. If compared with the 3-loop analytic curve α
n f =5 = 236 MeV), the values of α exp s (Q 2 ) fit it rather well within error bars in all the region Λ (3)
n f =3 = 417 MeV according to threshold matching). In the region Q < Λ (3)
, and, with the limitation due to the large errors, this could be interpreted as a hint on the vanishing of α s (Q 2 ) as Q → 0 , or on the existence of a finite limit lower than the universal Shirkov-Solovtsov freezing value (see e.g. [9] ). Note, however, that, as it will be discussed extensively in Sec. 5, the experimental situation is particularly uncertain in this region and the theoretical treatment problematic. Nonetheless, it is worthwhile to mention that the former behaviour is consistent with a recently developed "massive" version of the analytic approach for the QCD coupling [15] (see Sec. 2), and some results from lattice simulations. Finally let us stress that the choice to compare α exp s (Q 2 ) with the 3-loop expression α
E (Q 2 ) was to stay as close as possible to the usual practice in perturbation theory. In APT, however, when the appropriate small change of scale is made (Λ (2) n f =5 ≃ 258 MeV rather than Λ (3) n f =5 ≃ 236 MeV if both normalized at the Z mass * ) the 2-loop coupling
E (Q 2 ) in the entire Euclidean range and can be used instead of the latter for all practical purposes. The layout of the paper is as follows. In Sec. 2 the ghost-pole problem is discussed and an overview of the key points of analytic approach to QCD is given. In Sec. 3 an explicit expression for the BS potential U is given and the mathematical method to treat the eigenvalue problem for the squared mass operator M 2 is described. Sec. 4 is devoted to the strategy for extracting α exp s (Q 2 ) from the data and to errors estimate. Finally, in Sec. 5 our results are discussed and a match of the extracted QCD coupling with relevant high energy experimental data is attempted via Analytic Perturbation Theory.
Some technical material is exposed in Appendices. A brief review of the derivation of the second order BS formalism and of the expression of M 2 from the ansatz (1) is given in App. A. Numerical tables in App. B display all results in details. In App. C an useful formula for 3-loop analytic coupling (the spectral density) is explicitly given and compared with the usual 3-loop perturbative coupling.
II. ANALYTIC APPROACH TO QCD
The renormalization group (RG) method is an inherent part of theoretical description of strong interaction processes. It is usually employed to improve the results of perturbation theory in the high energy region. However, a straightforward application of the RG method to perturbative expansion eventually gives rise to unphysical singularities of both the RG-invariant coupling function † and physical observables. The presence of these singularities contradicts the general principles of the local QFT ‡ and severely complicates theoretical analysis of hadron dynamics in the IR domain.
There is a variety of the nonperturbative approaches to handle the strong interaction processes at low energies (for a recent review of this issue see Sec. 3 in paper [3] and references therein). Some of such methods originate in the general properties of perturbative power series for the QCD observables in the framework of the RG formalism. For instance, these are the method of effective charges [18] , the "optimal conformal mapping" method [19] (see also Ref. [20] ), the "optimized perturbation theory" [21] , and some others. There is also a number of approaches which impose nonperturbative constraints either on the strong running coupling (see, e.g., Refs. [22, 23] ) or on the RG β function (see, e.g., Refs. [24] [25] [26] ). In this paper we will exploit the so-called Analytic Perturbation Theory (APT) [4] and its recent "massive" modification [15] , which are briefly overviewed in what follows.
The analytic approach to QFT constitutes the next step (after the RG-summation) in improving the perturbative results. Specifically, in addition to the property of renormalizability this method retains a general feature of local QFT, the property of causality. The analytic approach has first been devised in the context of Quantum Electrodynamics [27] , and then extended to the QCD case about ten years ago [4] . The basic merits of the analytic approach to QCD are the absence of unphysical singularities of the invariant charge and the enhanced stability of outcoming results with respect to both higher loop corrections and choice of renormalization scheme [28] . Besides, this method enables one to process the spacelike and timelike data in a congruent way [29] . A fresh review of the analytic approach to QCD and its applications can be found in paper [30] (a generalization of APT for fractional powers of α s was implemented in Ref. [31] ).
Usually, in the framework of RG-improved perturbation theory a QCD observable D(Q 2 ) of a single argument Q 2 = −q 2 ≥ 0 (spacelike momentum transfer squared) can be represented as power series in the strong couplingᾱ s (Q 2 ):
* Note that these values of the scale constant turn out to be somewhat larger than the perturbative values, as given e.g., by Bethke [2] , with the same normalization for αs .
† For example, the one-loop strong running coupling (4) possesses the so-called Landau (or spurious) pole in the low energy region. This problem can not be solved by the inclusion of higher loop corrections since the latter just give rise to additional singularities of the cut type.
‡ It is worth noting also that the results of lattice simulation testify to the absence of spurious singularities of the QCD coupling at low energies, see, e.g., a recent overview in Sec. 2 of paper [16] as well as original papers [17] .
where d n are the relevant perturbative coefficients. However, in the IR domain this expansion becomes inapplicable due to spurious singularities of the running couplingᾱ s (Q 2 ). For example, the one-loop expression
possesses both the physical cut along the negative real semiaxis Q 2 ≤ 0 and unphysical pole at
In the framework of the APT, the power series (3) for an "Euclidean" observable is replaced [32] by the nonpower expansion
over the set of functions
Here, the spectral function ρ(σ) is defined as the discontinuity of the relevant power of the perturbative running couplingᾱ s (Q 2 ) across the physical cut, namely
The APT representation for a QCD observable D(Q 2 ) (5) is free of spurious singularities. Besides, it displays a better stability (in comparison with the perturbative parameterization (3)) with respect to both, higher loop corrections and choice of the renormalization scheme, see Ref. [30] for details. The first-order function A 1 (Q 2 ) (6) plays the role of the effective Euclidean QCD coupling at respective loop level:
In the one-loop case this equation can be integrated explicitly [4] 
At the higher loop levels the spectral functions (7) become rather involved (see App. C). An extensive numerical study of the analytic running coupling (8) and its "effective powers" (6) at various loop levels can be found in Ref. [33] . Besides, for practical applications one can also use simple explicit expressions [34] which approximate the APT functions (6) within reasonable accuracy.
In order to handle the QCD observables which do not satisfy the integral representation of the form of Eq. (6), the APT has to be modified appropriately. For example, the Adler function, being defined as the logarithmic derivative of the hadronic vacuum polarization function, satisfies the dispersion relation [35] 
where R(s) denotes the Drell ratio of the electron-positron annihilation into hadrons. Thus, the Adler function (10) can be expanded over the set of functions A n (Q 2 ) (6) only in the limit of the massless pion m π = 0, since otherwise the analytic properties of D(Q 2 ) (10) in Q 2 variable differ from those of A n (Q 2 ) (6).
The effects due to the nonvanishing pion mass have been incorporated into the analytic approach to QCD in Ref. [15] . In the framework of the latter formalism the Adler function (10) can be expanded
over the set of the "massive" functions
Obviously, in the massless limit Eqs. (11) and (12) coincide with the expressions (5) and (6), respectively. Similarly to the case of the APT (8), the first-order function A 1 (Q 2 , m 2 ) (12) plays the role of an effective "massive" running coupling at the relevant loop level, namely
It is worthwhile to note that irrespective of the loop level this coupling possesses the universal IR limiting value
[15] for details.
III. BS-MODEL FOR QQ SPECTRUM
As mentioned, in [12, 13] the meson spectrum is obtained by solving the eigenvalue equation for the squared mass operator (2), where the perturbative and confinement part of the potential are respectively
and 
Here α k j denote the usual Dirac matrices γ
, m 1 and m 2 are constituent masses. Eqs. (14) (15) (16) follow from the ansatz (1) and a 3-dimensional reduction of our Bethe-Salpeter equation (see Refs. [11] [12] [13] and App. A for the details). Actually in the calculation of [12, 13] only the center of gravity (c.o.g.) masses of the fine multiplets were considered as a rule, and the spin dependent terms in (14-16) (spin-orbit and tensorial terms) were neglected with the exception of the hyperfine separation term in (14) proportional to 1 6 σ 1 · σ 2 . Within this limitation a generally good reproduction of the spectrum was obtained for appropriate values of the parameters, as apparent from Fig. 1 re-elaborated from [13] . Here the results of three sets of calculations are displayed. Diamonds refer to the usual perturbative 1-loop coupling (to be replaced in Eq. (14)), frozen at a maximum value H , which has been taken as an additional adjustable parameter. Squares and circles both refer to the 1-loop APT coupling (9) with Λ ≃ 200 MeV. For light quarks a running constituent mass was used too. § We stress that only with the choice (9) the 1 1 S 0 state has been correctly reproduced when light and strange quarks were involved, as in the case of π and the K mesons. In the present work a similar calculation with the input (9) and a slight different choice of the parameters is made (preliminary results were given in [36] ). First, we have fixed the string tension to the value σ = 0.18 GeV 2 (consistent with other phenomenology and lattice simulations) and the scale constant to Λ n f =3 has been dictated by the comparison with the 3-loop analytic coupling normalized at the Z boson mass (see App. C) according to the world average. As displayed in Fig. 2 the relative difference between the two curves is no more than 1% in the region 0.5 < Q < 1.2 GeV, to which the states used as an input in the calculation belong. Furthermore, as already noted, our equations refer to a single definite quark-antiquark channels. So, having correct relativistic kinematics, they do not include coupling with other channels like any potential model (see App. A). Then we can not expect to have any insight into the splitting of over-threshold complicated multiplets which involve mixture of different states. Even the position of the c.o.g. mass is expected to be reproduced only within one-half of the width of the state. This has been taken into account in the estimate of the theoretical error (see Sec. 4). The resolution method of the eigenvalue equation for the operator (2, 14-16) we have used in [12, 13] and in the present work can be summarized in the following way. a) In the static limit the problem can be reduced to the corresponding one for the center of mass Hamiltonian (see App. A)
b) The eigenvalue equation for (17) is solved for a convenient fixed α s by the Rayleigh-Ritz method, using the three dimensional harmonic oscillator basis and diagonalizing a 30 × 30 matrix.
c) The square of the meson mass is evaluated as φ a |M 2 |φ a , φ a being the eigenfunction obtained in step b) (with a the whole set of quantum numbers) and the operator M 2 given by Eq. (2).
CM as a first order perturbation. Consistently the hyperfine separation should be given by 
E (Q 2 ) singular at Q 2 → 0 and including confinement [24, 25] than to (9) .
where ϕ nl is the radial part of the complete eigenfunction φ a . However, in the case of the states involving light and strange quarks the quantity is further corrected to the second order of perturbation theory. For the quark masses and string tension σ in (17) we have used the same values listed above and for what regards α s , that is supposed to be a constant in (17), we have taken α s = 0.35 , which is the typical value used in non-relativistic calculations and also the freezing value adopted in [12] .
One focus now on the reversed problem, i.e., the determination of the α exp s (Q 2 ) values at the characteristic scales of a selected number of ground and excited states. In order to estimate α exp s (Q 2 ) at low scales one needs first to assign an effective Q-value to each state. To this end one first rewrites the squared mass, as given by point c) in Sec. 3, more explicitly as the sum of the unperturbed part, the perturbative and the confinement one respectively
Here U OGE is given by the second line of (14) and U Conf by Eq. (15) and first two lines of (16) . From the OGE contribution we then extract for each state the fixed coupling value α th a which leads to the same theoretical mass as by using α
given by Eq. (9). This can be done by means of the relation
where O(q; Q) can be drawn again by the second line of Eq. (14) . The effective momentum transfer Q a associated to each bound state is then identified by equating
The next step is to search for the correct (fixed) value of the coupling that exactly reproduces the experimental mass of each state. This is defined by the relation
so that, by combining Eqs. (19) , (20) and (22) we finally obtain
This procedure has been applied to a number of light-light, light-heavy and heavy-heavy ground as well as excited states. Note that, apart from the particular ansatz made in (1) to take into account confinement, the other relevant approximations are:
i) only the leading perturbative contribution is included in (1) and so in the potential; ii) quark antiquark annihilations and couplings with other channels have been ignored; iii) an instantaneous approximation is involved in deriving the eigenvalue equation for (2) from the original BS equation.
As even the experience with QED suggests, retardation corrections are expected to be relevant for the hyperfine and possibly fine splitting, but of minor importance for the positions of the c.o.g. of the multiplets that we essentially use to evaluate α exp s (Q 2 ). Thus, as we told, the main sources of theoretical error in the whole procedure are expected to arise from neglecting the NLO contribution to the BS kernel as well as the coupling with other channels. For what concerns the former (point i)), it is worth noting that the next to leading contribution to the perturbative part of the BS-kernel comes from four diagrams with two-gluon exchange; two triangular graphs containing a four-line vertex of the type g 2 φ * φA µ A µ and two three-line vertices gφ * ∂ µ φA µ (the spin independent part of our second order formalism is quite similar to scalar QED), one fish diagram with two four-line vertices, and a crossing box with four three line vertices. If the renormalization scale is identified with the momentum transfer Q the fish graphs contribution is completely reabsorbed in the renormalization. On the other hand, a somewhat crude estimate of the contribution of each of the two triangular graphs gives
and for the crossing box graph, similarly
These expressions have to be compared with the leading one-gluon term we have used (see Eq. (A8) of App. A)
Putting all things together, the overall error due to the omission of such NLO contributions to the BS kernel is then
and this produces
By using Eqs. (20) (21) (22) (23) , after some algebra it is easy to recognize that the NLO effects on α exp s turn out to be of the same order, that is
which is what is assumed in the foregoing. The NLO errors do not exceed 5% for heavy quark states while they are enhanced up to 20% when light and strange quarks are involved. Finally, since the strength of the neglected coupling with other channels (OC) is obviously measured by the width Γ a of the state, one roughly estimates an error of the order of ∆m a ∼ Γ a /2 in the evaluation of m a . On this ground, for each determination of α exp s (Q 2 a ) the related theoretical error is given by
Usually the error ∆m exp on the experimental mass m exp is much smaller than Γ a /2 . When, however, this is not the case one has to consider also the experimental error ∆ exp α s , obtained from (30) by replacing m a Γ a with 2m exp ∆m exp .
Before discussing our results some comments are in order. First note that in the evaluation of Q a in (20) one has neglected the hyperfine splitting which however was taken into account in (23) , bringing possibly to different values of α exp s for the singlet and the triplet states (when there are reliable data for both).
Furthermore, the sensitivity of the effective Q's determined from the specific coupling (9), has been checked by analyzing the deviation of each Q a for a 25% shift of Λ (1,eff) n f =3 around the value 193 MeV, and one finds that the average change in the momentum scale amounts to 3% . This makes the resulting α exp s (Q 2 ) reliable, at least qualitatively, even in the deep IR region (Q < 0.2 GeV), where the discrepancy with respect to massless α
E (Q 2 ) is sizable. There is a subtle point concerning the choice of the "unperturbed" α s involved in the static Hamiltonian (17) . Actually, the value adopted is very near to the α th a pertaining to the bb(1S) state, but definitively smaller than the typical α th a 's. The point is that the hyperfine splitting is much more sensible than the c.o.g. mass to the behaviour of the unperturbed wave function at small distance (large momentum), which is specifically controlled by the value of the unperturbed α s . As a result, the effective fixed value α spl s in Eq. (17) that reproduces the same splitting as by using the coupling α E (Q 2 ) turns out to be significantly smaller than α th a calculated from the c.o.g. mass. Essentially, it was chosen a phenomenological value for the unperturbed α s in order to have a good reproduction of the hyperfine splitting so as to reasonably reconstruct the c.o.g. of the doublet when one component is missing. It was then used the position of the c.o.g. (which is rather stable w.r.t. the unperturbed α s ) to extract α exp s (Q 2 a ) . We finally stress again that the 1-loop analytic coupling with the above mentioned value of the scaling constant used in our computation, Eq. (9), differs by no more than 1% from the 3-loop analytic coupling in the region 0.5 < Q < 1.2 GeV where all the input states (π, φ , J/ψ and Υ ) fall.
V. BS-MODEL RESULTS: CONCERT OF LOW AND HIGH ENERGY DATA VIA APT
All results are displayed in details in tables I-VII of App. B, and pictorially in Fig. 3 taken from Ref. [1] . The first three columns specify the state and its experimental mass as given by [37] . The fourth column gives our theoretical results for the meson masses, and the last three give the effective Q , the relative 3-loop APT coupling α 2 ) to diminish with Q seems to exist. As already noted, such a deep IR behaviour could be theoretically understood within theoretical models, in particular within the "massive" modification of APT in Sec. 2. Specifically, as displayed in Fig. 3 , the one-loop coupling α(Q 2 , m 2 ) (13) with an effective mass m eff ≃ (38 ± 10) MeV reasonably fits all experimental points down to the very low Q region. Let us notice, however, that the analysis of such an extreme IR behaviour is based on high orbital excitations (D and F states), lying well above the strong decay thresholds and with large widths. As a consequence, the theoretical reliability of the method is lower at these scales, as apparent from the large estimated errors. Moreover, also the discrepancy between α (1) E (Q 2 ) (used in the calculation) and α
E (Q 2 ) (used as a reference term) rises above 10% at these scales. In fact, only the two states π 2 (1670) (interpreted as ss (1 1 D 2 )) and f 2 (2150) (ss (1 3 F 2 )), corresponding to Q ∼ 120 MeV, generate α exp s (Q 2 ) (marginally) out of the error bands, and the state f 2 (2150) (observed only once) has never been confirmed. Restricting our considerations to a sample of better established data, which excludes high orbital excitations as D and F states, the comparison with the BS meson masses yields a χ 2 ∼ 1 if an additional conventional error of 20 MeV is assigned to the latters. This error should account for the sources of theoretical uncertainty not explicitly evaluated, and produces an average additional error of roughly 5% on α exp s (Q 2 ) . At this point it is worthwhile to comment on the dependence of the results on the renormalization scheme. First of all, our definition of the coupling is implicitly contained in ansatz (1) . Specifically, here one assumes both that i ln W is dominated by the OGE term after the subtraction of the area term, and that the OGE term is represented as the corresponding tree-level expression, the fixed coupling α s being replaced with the running one α s (Q 2 ). The latter assumption amounts to the embodying all the dressing effects into α s (Q 2 ) (see, e.g., Sec. 3.2 of Ref. [3] and references cited therein). It is worth noting that the coupling defined in such way is free of unphysical singularities by construction. At the same time, the analytic running coupling α E (Q 2 ), which is involved in our calculations, is remarkably stable with respect to both the higher loop corrections and the choice of renormalization scheme (see Sec. 2 and detailed discussion of this issue in Ref. [30] ). Thus one might expect that the same situation should also occur for α exp (Q 2 ), with the possible exception for the deep infrared region (see, e.g., Sec. 4.5 of Ref. [3] and references cited therein), where other nonperturbative effects could be relevant.
Notice that in our selection of states as a rule we have excluded irregular and incomplete multiplets. Of this type, e.g., in the light quark sector, are the 3S states (m 3 3 S1 − m 3 1 S0 is anomalously large and about twice as m 2 3 S1 − m 2 1 S0 ), 1 3 P (m 1 3 P0 being larger than m 1 3 P1 ), 1 3 D, F , G, H (incomplete). If however included in the analysis, all these states would bring the results in agreement with the general tendency outlined. Finally, Fig. 4 (taken from Ref. [1] ) displays a synthesis of results for α s (Q 2 ) defined from bound states in the BS framework with high energy data. Here, low energy results are reported in a logarithmic scale from 100 MeV to 220 GeV together with a sample of high energy data as given by S. Bethke [2] , against the 3-loop analytic coupling α (8) and its massive modification (13) . Also shown in the figure is the common perturbative 3-loop coupling with IR singular behaviour that is definitively ruled out by the data. As can be seen, the BS-APT theoretical scheme allows a rather satisfactory correlated understanding of very high and rather low energy phenomena.
VI. CONCLUSIVE REMARKS
To summarize, we have exploited calculations within the Bethe-Salpeter formalism adjusted for QCD, in order to extract an "experimental" strong coupling α exp s (Q 2 ) below 1 GeV by comparison with the meson spectrum. This work extends the analysis given in [1] , providing technical details, the complete set of numerical results and their thorough discussion. A key point is the comparison of α exp s with the analytic coupling α E (Q 2 ) which avoids the hurdle of the unphysical singularities in the IR region [4] . The method consists in solving the eigenvalue equation for the squared mass operator as given by Eq. (2), obtained by a three dimensional reduction of the original BS equation. The relativistic potential U then follows from a proper ansatz (1) on the Wilson loop to encode confinement, and is the sum (2) of a one-gluon-exchange term U OGE and a confining term U Conf . The coupling occurring in the perturbative part of the potential needs to be IR finite since its argument has to be identified with the momentum transfer in theinteraction, and this typically takes values down to few hundreds MeV. The usual perturbative running couplingᾱ s has then been replaced by the 1-loop analytic expression α On the other hand, below this scale, the experimental points exhibit a tendency to fall under the APT curve. This could give a hint either on the vanishing of α s (Q 2 ) as Q → 0 (in concert with some results from lattice simulations [17] ), or on the existence of a finite IR limit of α s (Q 2 ) lower than the universal APT freezing value. The former IR behaviour can be theoretically understood in the framework of a recent "massive" modification [15] of the APT algorithm, which takes into account effects of a finite threshold in the dispersion relation. Since in the extremely low Q region confinement forces play the dominant role, the reasonable agreement between the "massive" APT model and the results of the BS formalism would suggest a relation between the linear potential, arising from the area term in the ansatz (1) , and the thresholds effects in the analytic properties of the QCD coupling, to be further investigated.
APPENDIX A: SECOND ORDER BETHE-SALPETER FORMALISM
In the QCD framework a second order four point quark-antiquark function and full quark propagator can be defined as
and
where
and ∆(x, y; A) is the second order quark propagator in an external gauge field.
The quantity ∆ is defined by the second order differential equation
and it is related to the corresponding first order propagator by S(x, y; A) = (iγ ν D ν + m curr )∆(x, y; A) , m curr being the so-called current mass of the quark.
The advantage of considering second order quantities is that the spin terms are more clearly separated and it is possible to write for ∆ a generalized Feynman-Schwinger representation, i.e., to solve Eq. (A4) in terms of a quark path integral [11, 12] . Using the latter in (A1) or (A2) a similar representation can be obtained for H 4 and H 2 .
The interesting aspect of this final representation is that the gauge field appears in it only through a Wilson line correlator W . In the limit x 2 → x 1 , y 2 → y 1 or y → x the Wilson lines close in a single Wilson loop Γ and if Γ stays on a plane, i ln W can be written according to (1) as
The area term here is written as the algebraic sum of successive equal time strips and dz ⊥ = dz − (dz · r)r/r 2 denotes the transversal component of dz. The basic assumption now is that in the center of mass frame (A5) remains a good approximation even in the general case, i.e., for non flat curves and when x 2 = x 1 , y 2 = y 1 or y = x. Then, by appropriate manipulations on the resulting expressions, an inhomogeneous Bethe-Salpeter equation for the 4-point function H 4 (x 1 , x 2 ; y 1 , y 2 ) and a Dyson-Schwinger equation for H 2 (x − y) can be derived in a kind of generalized ladder and rainbow approximation. This should appear plausible, even from the point of view of graph resummation, for the analogy between the perturbative and the confinement terms in (A5).
In momentum representation, the corresponding homogeneous BS-equation becomes
where σ 0 = 1; a, b = 0, µν; the c.m. frame has to be understood, P = (m B , 0); Φ P (k) denotes the appropriate second order wave function, that in terms of the second order field φ(x) = (iγ µ D µ + m curr ) −1 ψ(x) can be defined as the Fourier transform of 0|φ(
Similarly, in terms of the irreducible self-energy, defined byĤ 2 
The kernels are the same in the two Eqs. (A6) and (A7), consistently with the requirement of chiral symmetry limit [38] , being given byÎ
where in the second and in the third equation ζ 0 = 0 has to be understood. Notice that, due to the privileged role given to the c.m. frame, the terms proportional to σ in (A8) formally are not covariant. In fact, it can be checked that Γ(k) can be consistently assumed to be spin independent and Eq. (A7) can be rewritten in the simpler form
with
k ⊥ and l ⊥ denoting as above the transversal part of k and l. Eq. (A9) can be solved by iteration resulting in an expression of the form Γ(k 2 , k 2 ), since (A10) is not formally covariant. Then the constituent (pole) mass m is defined by the equation
and the dependence on k 2 , being an artifact of the ansatz (1), is eliminated by extremizing m(k 2 ) in k 2 .
The 3-dimensional reduction of Eq. (A6) can be obtained by a usual procedure of replacing
andÎ ab with its so-called instantaneous approximationÎ inst ab (k, u) . In this way, one can explicitly integrate over u 0 and arrive to a 3-dimensional equation in the form of the eigenvalue equation for a squared mass operator Eq. (2), with [11] k|U |k ′ = 1 (2π) 3
Finally by using Eq. (A8) one obtains Eqs. (14) (15) (16) .
Alternatively, in more usual terms, one could look for the eigenvalue of the mass operator or center of mass Hamiltonian
The resulting expression is particularly useful for a comparison with models based on potential. In particular, in the static limit V reduces to the Cornell potential
Note that it is necessary to introduce a cut-off B in Eq. (A9). As a consequence the constituent mass turns out to be a function of the current mass and of B, m = m (m curr , B). Then if one uses a running current mass m curr (Q 2 ) we obtain a running constituent mass m(Q 2 ) as it has been done in [13] (see also Ref. [24] ). However the singular expression used there
is not consistent with Eq. (9), and if a more consistent assumption is taken, e.g.,
or the other resulting from the analytization of a similar expression with α n f =3 = 318 MeV. Circles, stars and squares refer respectively to, ss and qs with q = u, d (light-light states). Heavy-heavy states, cc and bb , are represented by diamonds and crosses. Finally in the light-heavy sector, asterisks stay for qc and qb , whereas plus signs stand for sc and sb . Data for triplet and singlet states referring to the same multiplet are combined in a weighted average according to their errors. Error bars include both theoretical and experimental uncertainty and are drawn only if relevant. 
